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AZEENT (EXERCISESD—H48 L)

REVIEW OF PROPERTIES OF REAL NUMBERS.

In this section, we will assume that @, & ¢ and o are real numbers.
Definitions
Absolute value: Ifa=0, lal=a; ifa<0, lal=—a.
{ lal is the greater of a and its opposite.)
Subtraction : a—b=a+(—b)
(a minus b is the sum of g and the opposite of £.)
; 1
Division : a—-‘—h=a-E

{a divided by b is the product of @ and the reciprocal of b.)
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Praperties of operations on real numbers ;
Operations of addition :

1. Closure property a+b is a unigue real number.
2. Commutative propery a+b=b+a
3. Associative propertly {a-tb)+c=a+(b+c)
4, Additive property of zero a+0=a
(Zero is the identiy element for addition. )
5. Property of additive inverse a+t(—a)=10

{The opposite of a number is its additive inverse. )
Operations of multiplication ;

1. Closure property a-bis a unique real number
2. Commutalive properiy a-b=b-a

1. Associative property {a-ble=a(b-c)

4. Multiplication property of one a-l=a

(1 is the identity element for multiplication. )
5. Property of multiplicative inverse a- % =]

{The reciprocal of a number is ils multiplicative inverse.)
Diistributive property alb+c)=ab-+ac
{Multiplication distributes over addition.)

Praperties of eguality :

. a=a Reflexive property

2 Ifa=b, then b=a. Symmetric property

i Ifa=band b=g, then a=c. Transitive property

4. Ifa=b, thena+c=b+c Addition property

5 Ifa=b,thena—c=hb—c. Subtraclion properly

6. If a=b, then ac=be. Multiplication property
7. If a=b, then % - %. (c#0) Division property

Properties of meguality :
[Definition of inequality : ¢ > a (¢ is greater than a) ifT (if and only if) there is a positive
number & such that c=a+ b.]
If¢>a, then a< e (a is less than ¢)
Symbols: = (is greater than or equal o)
= (is less than or equal o)

I. Ifa<band b<cg, then a<c. Transitive property
2 Ma<b.thenatc<hb+c Addition property
 [fa<b,thena—c<b—c¢,

butc—a>c—h. Subtraction properly
4, Ifa<b and ¢ >0, then ac < be,

but il ¢ << 0, then ac> be. Multiplication property



5. Ifa<band ¢>0, then 2 < 2, but

b .

if ¢ <0, then % > = Division property

Order property : |
Exactly one of these is true; a<b,a=bora>b.

Lero product factor properly
Ifa- b=10, then a=0 or b=0 or both are zero.

Substitwtion principle
Ifa=b, then @ may be replaced by & in any equation or inequality.

(Exercises 1)
SET NOTATIONS AND RELATIONSHIPS.

The idea of set is used when considering a group of objects which have certain properties in
common.
Examples : The set of counting numbers:{l, 2, 3, 4,1
The set of whole numbers: {0, 1, 2, 3.}
The set of integers, {--, —3, =2, =1, 0, 1, 2, 3.---}, might be described as the numbers which
can be found by beginning with 1 and repeatedly adding or subtracting 1.
A set can be denoted as a single letter, by a rule or by a roster (a list).
We must know what set the letter stands for,

Examples:

Letter Rule Roster
s Solution set of equation : x'=4 -2, 2] !
1 The set of integers {, =3, =2, =1,0, 1, 2, 3} '
A The set of even integers [+, =6, =4, =2,0, 2, 4, 6,--}
B The set of positive odd integers (1, 3, §, 7.} .

Some language of seis:
3EB  “the number 3 is an element of the se1 B”
BCA  “the set B is a subset of the set A™; that is, each element of B is also an element
of A,
A finite set is a set which has a limited number of elements,
An infinite set has an unlimited number of elements. If you try to count the elements,
the count will never end.
{=2, 2} and {1, 2, 3, 4, 5} are finite sets but {1, 2, 3.~} is an infinite set.
Two sets are equal sets iif each set contains every element of the other,
C=DifCCD and DCC.
Two sets are equivalenr sets if their elements can be pul into a one-lo-one correspondence,
Examples of equivalent sets :
a) fc, a, 1} by {1
t 1t

{ Y
{1, 3.9 (



We are concerned with sets of points in Geometry.
wees (@ finite number of poinis)
—— (an infinite number of poinis)

The union of two sets, A and B, written AUB, is the set of elements which are either in A
or in B or in both,

The intersection of two sets, A and B, written ANB, is the set of elements which are in
both A and B.

Set: A B ALB ANB
Example 1. {4, 6, 8 {12, 8, 4.} {4, 6, 8, 12} {4, 8}
2 (1, 3, 5) {1, 3} {1, 3,5 {1, 3}
3
R R 4]
T o
P
P 5
4, G={1. 3} H={2, 4] {1, 2 3, 4 I

¢ or | | denotes the empty set or the null set for it contains no elements. G and H are
called disfoint sets since they have no elements in common.

POINTS, LINES and PLANES

To avoid circularity (discuss in class), the geometric terms paint, line and plane are not
defined. These are the undefined terms of geometry.

We define any other geometric figures using sets of poinis, lines or planes.

A point has no size; it has position only.

A line has no width ; it has no end point.

A plane extends indefinitely in a flat surface.

Assumed relationships between points and lines :
a. Aline is a set of points and contains at least two distinet points,
b. Two distinct lines intersect in al most one point.
c. Every pair of distinct points lies in one line.
Through any two points there is exactly one line. <=>Two points determine a line.
Definition © Three or more points are called collimear points if they all lie on the
same line.
Assumed relationships between points and planes ;
d. A plane is a set of points and contains at least 3 points which are not collinear.
e. For any three non-collinear points, there is exactly one plane which contains them.
Definition: Three or more points are called coplanar points if they all lie in the
[ same plane.



Assumed relationships between lines and planes:
f. If two distinct points are in a plane, the line determined by these points is a subset of
the plane.
g. If two distinct planes intersect, their intersection is a line.
These assumptions (a — g) are also called postulates or axioms.

The Ruler Postulate
The points of a line can be put in one-to-one correspondence with the real numbers. Any
desired point may be maiched with zero. The distance between fwo poinis having coordinates
aand & is la—bl
a. Distance is never negative ; AB=10.
b. The distance between two points is zero iff the points are identical ; AB=0if A=B.
¢. The distance between two points is unaffected by the order in which they are
considered ; AB=BA. (Notg, no bar over letiers.)

Betweenness Property
If A, B and C are three collinear points and AB + BC =AC, then B is between A and C.
A B C ’
A line segment with endpoints A and B (AB) is the set of points whose elements are A and B
and all points between A and B. The line segment AR is a subset of the fime containing A

and B. The length of a line segment is the distance between its endpoinis.
A ray with endpoint A and containing B (AE) is the union of AB and all points C such that B
is between A and C.

A B

AB and AT are opposite rays iff A is between B and C.

B A C
A good definition of a word or phrase must include only words defifed previously, commonly

understood, or purposely undefined. [t must also describe accurately the idea being defined.
It must include no more information than is necessary for an accurate description.
Consider the merit of these statements :

I. The midpoint of a segment is the middle point of the segment.

2. The midpoint of a segment is a point between the endpoints,

3. The midpoint M of a segment AB is the point M in AB between A and B, the same

distance from A and B, with AM=MB. |

4. The midpoint of a segment AB is the point M in AB such that AM =MB.

5. Point M is the midpoint of AB iff M is in AB and AM = MB.

6. The midpoint of a segment is a point in the segment equidistant from its endpoints.
Class will discuss the merits of these statements as definitions.
For #6 we must define equidistant. When a point is the same distance from two or more

points, we say that it is eguidistarnt from those points.




A definition is reversible. Reverse of #6: A point in a segment equidistant from its
endpoints is the midpoint of the segment.

Some Essential Definitions :
Space: The set which consists of all possible points.
Collinear Points: A set of points all of which lie on the same line.
Coplanar Points: A set of points all of which lie in the same plane.
Betweenness of Points: Point B is said to lie between points A and C if and oaly il all
three points are distinct points on a line and AB+ BC = AC,

A B C

Line Segment: For any two poinis, A and B, line segment AB {(AB) is the set of points
containing A, B, and all points between A and B. (Usually referred to as a segment. )

A B

Length of segment : The length of a segment is the distance between its endpoints.
(Designated by writing AB or BA.)
Equal Segments: Two segments are said 1o be equal if they have the same length.
Midpoint of a segment: The midpoint of a segment is the point which divides the
segment into two equal segments.
Bisector of a Segment: A line or segment which passes through the midpoint of another
segment is the bisector of that segment.
A plane can alse bisect a segment. ™
Ray: Ray AB (AB) is the union of segment AB and the set of all points, C, such that B lies

between A and C. A is called the endpoint of the ray.
A B i

Opposite Rays: Rays AB and AC are called opposite rays if A, B, and C lie on a line and
A is between B and C.

B A c

Angle: An angle is the union of two rays which have the same endpoint. The two rays are
the sides of the angle, their endpoint the vertex.
Symbol for angle: <

Half-plane: Any line of a plane separates the plane into two half-planes. The line isell is
called the edge and is considered to be a part of each half-plane.

A B X
m -




More Deflinitions :

P lies in the interior of £ABC
in this figure.

A, B, and C lie on the angle,
R and S lic in the exterfor of

the angle.

To each angle there is associated a unique real number called its measure.
The unit of measure we will use is the degree. (")
Acute angle: an angle with a measure less than .
Right angle : (rt. €): an angle with a measure of 90",
Obtuse angle: an angle with a measure greater than %0° but less than 180",
Straight angle (st. <): an angle whose sides are opposite rays.
The measure of a straight angle is 180°.
Reflex angle: an angle whose measure is greater than 1807 but less than 360",
Adjacent angles : {adj. <{s): two angles in the same plane which have a common vertex
and a common side but have no interior points in common. The rays not common
to both angles are called the exterior sides of the two adjacent angles.
Vertical angles (vert. Ls): angles whose sides form two pairs of opposite rays.

o &

In each figure, <43 and 44 are vertical angles.
41 and 42 are adjacent angles. <5 and 46 are vertical angles.

Complementary angles: mwo angles the sum of whose measures is 90°.
Each angle is called the complement of the ather.

Supplementary angles: rwe angles the sum of whose measures is 180°,
Each angle is called the supplement of the other.

Pairs of complementary angles. Pairs of supplementary angles.
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Equal angles : angles which have the same measure.
Dihedral angle: the union of two half-planes with the same edge. Each half-plane is
called a face

el

0 5
Dihedral angle P-AB-Q Dihedral angle X-5T-Y

Exercises |

Fill in the Blank with one of the symbols <, =, or > 10 make each a true statement
l. 543 5=3 L x %+ 10

—28
2

Bl | P . 4, —l4

In these use the symbols &, & or =

5. Ifazb, then b —F
1 I

7. T -3 g =—5=xand x=3, therefore, —5

a. [

Name the property illustrated by each statement:
9. T+y=y+17
10, (17-15)-12=17(15-12)
11. IF 32x =64, then x=2.
12 12. 5+(-5=0
13. 6x+3y=3{x+y)
2
16
15 15. If x—2=19, then x=2I.
16. If 64 =32x, then 32x =464
17, W x>5and 5>y, then x>y,
18, ITa<b, then —3a>—3b.
19. If y<=4, then y—1<—d4=1
20. 3<5; therefore, 9—3>9—5
Express cach number without using the absolute value symbol :
21, I-7l= 2 B+ -3 e
23 -8l 8l=____ 4. Ifa<0, al=
25 1-9-17l=

14 14. l6- 1
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Exercises 2

Fill in the last two columns of the table :

Set A B AUB AMNB
1 (=30 36 =33
2 {6, 7, 8, 9) {9, 8 7, 6
3 {2, &, 10, 14) {3, 9, 15
4
A D
A
(Draw
the
figures. ) B B
5 X is an integer
{x:x>5] fx: x <8
{x: }=""the set of all x such that___"
6, X isa real number
{x:x>35 [x: %<8}
7. The set of all The set of all
people who are people who are
not underweight. not overweight.

Suppose A={l, 2, 3, B=(L, 3, 6}, and C={l, 4, 7). Find:

&
10.
12.
14.

ANB=
AUB=
{1, 2

Is A a subset of B?

9. BNC=
1. {ANBjNC=
13. AN{BNC}=
15. Are A and B equal seis?
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Refer to the figure above in which ¢ is a circle, { m, and n are lines, A, B, C, D, E, and F

are points. Find each of the following :

6 cMf= 17. {{unlnm=

13, A= —— 19. {OnjUlim}=

200 Mn= — 21, en(iNm}=

e B0 T B — 23, nn{/Nm}=

M cpm——— 25, enliumiun}=
Exercises 3

Find the best word or phrase to fill each blank :

RPN S

Lines and planes are sets of
Points are collinear if

If two lines intersect, their intersection is a
If two planes intersect, their intersection is a

A line conlains at least —_ points and a plane at least ________ points.

Points are coplanar if’ they
A line is determined by
Any three non-collinear points determine exactly one

Imagine a “geometry’’ (called a Finite Geometry) in which there are exactly four “points™,

six “lines™, and four “planes’ as indicated ;

1.

12

POINTS LINES PLANES
A B C D {A, Bl A, CL, (A, D} (A, B, CL {A, C, D}
iB, Cl, {B, D}, IC, D} {B, C, D}, (A, B, D}

Choose any two different- planes. Show that their intersection is a line.

Choose any two different lines. Do they intersect? I so, what is their intersection?

How many lines contain both points A and C?7 With which postulate on my page 98
& 99 does your observation agree ?

Show that the “points”, “lines”, and “planes” in this “geometry™ satisfy every part of
the postulates (a —g) on my page 98 & 99,
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Think of a coordinatized line. Find the best word, symbel, or phrase 1o fill each blank.

13. To each real number there corresponds one

14. To each point on the line there corresponds one

I5. The number which corresponds to a point is called the _______ of that point.

16. The distance between two points is zero exactly when the two points are

17. To each pair of points there corresponds a number called the ______ belween
the points.

I8. If A and X are points and AX=35, then XA=

19. Suppose points A and B have coordinates a and b, respectively. Then, tha fact that
the distance between A and B is unaffected by the order in which they are considered
is expressed by la—b|=

20. Two poinis P and Q have coordinates x and 3, respectively. What real number does
% stand for if the distance between P and Q is 107

21. Two points P and Q have coordinated y and —9, respectively. What are the possible
values of y il PQ < 57

2. Repeat #21 for the case where PQ > 5.

23. Report #21 for the case where PQ =35,

Find the solution set for each of these :

4. k+3I<3 25 k—2=2ik—1l

Exercises 4

Suppose point P is between points M and N as shown,

M P N
I. Name the segments determined by these three points

2. Mame the rays determined by these three points: __

3. How many lines are determined by these three points?

4. Using only M, P and N, in how many ways could the given line be named?
List the names :

5. MPUPN = 6. MP+ NP = 7. PN and PM are

3. PMNPN= 9. PMUPN= 10. MPNPN =

11, MN N = 12. NMOPN = 13. MPUPN=
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14. {M}u N} lall points between M and N} =

15. Draw two rays which have the same endpoint but are not opposite rays

16. How many lines are determined by 3 non-collinear points?

How many rays?
17. How many segmenis are determined by 4 points, no 3 of them collinear?
18. How many segments are determined by n points, no 3 of them collinear?

19. How many doubles teams in tennis can be formed from 4 people?
From » people? ____ (Compare with #17 and #18. )

On a coordinatized line, the graph of each set described below is a familiar geometric
figure. Mame the figure.

. | | e | ] 21, {x; d4=x=12)
2. x:x=2orxz—4}
Given any two distinet real numbers, it is always possible to find a third real number which is
between the first two. That is,

For any distinct real numbers a and ¢, there exisis a real number b such that
a<b<cora>b>c
(Density Property of Real Numbers)
Show that this property holds for the pairs of real numbers :
23 —2and-2 24. 3 and 3.14
25 223 and 2. M4

AEMEK

« REVIEW OF PROPERTIES OF REAL NUMBER

IOMTIE, — REVSSE X L EEMEN P EBbh 3 RBEOHRIZ>VnTHE~<Eh
Tud, T42ht, EREESEREL L THEMIZERE I L4HBEL TS E
3Th A, @i, Wik BEOERLS I THIMR M EE, 4, BHTIERERYH
i, R, BBRESSERITEZLEARLT, FF (F6l) oMl dTva,
Wiz, KAMELBALERONFEE L TORRIILBATV20TH S,

ks basEI1C, ZOHMONEL RAHFIRB--TOIEFERBCEL CHET S
TEORE E R ME oRE, £boditsh, FEE-NEEE-TuIEVALEI.
R COES, IS8EA0AMKEE LTEDTH AL LI SPEMESELTRST
HAH3,
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